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Abstract: A new model called Zero Inflated generalized Poisson-Sujatha distribution
(ZIGPSD) is proposed in this paper. Some characteristics of the model were derived and
the maximum likelihood method was used to obtain the estimators of the parameters
numerically. Through simulation and application to two datasets, the goodness-of-fit of the
ZIGPSD was examined in comparison with the zero inflated Poisson (ZIP), Poisson and the
new generalized Poisson-Sujatha (NGPS) models. The results showed that the ZIGPSD
provides better fit compared to the other existing models considered in some cases of count
data with excess zeros.
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1. INTRODUCTION

The Poisson distribution is generally considered as the standard model for modeling
count data but overdispersion and excess zeros than expected from the Poisson
distribution are common problems in modelling count data, which the model cannot
handle. Johnson and Kotz (1969) were the first to define a mixture Poisson
distribution that accounted for excess zeros in the data (Sirichantra & Bodhisuwan,
2017). However, in some cases, overdispersion is a function of excess zero count
or none of it in the data. The count data with excess zeros are common in various
fields like physical, natural, biological and social sciences as well as in engineering
and agriculture. Regular discrete distribution may fail to fit such data either because
of zero inflation or over- or underdispersion (Aryuyuen et al., 2014). There is
increased interest in zero inflated distribution to account for extra zeros, which are
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common in count data
“The zero inflated distribution assumes that the observed data are the result

of a two-part process that generates structural zeros and a process that generates
random counts” said Aryuyuen et al., (2014). They further expressed that the
distribution can be simply defined as follows:

(1)

where ω  is the extra proportion of zeros, X is the count variable, f(x) is the pmf of
X with parameter λ, and π0 (x) = 1 if  x = 0; otherwise π0 (x) = 0.

In this paper, we derived zero inflated generalized Poisson-Sujatha (ZIGPS)
distribution by compounding zero inflated Poisson (ZIP) distribution with Tesfay
and Shanker’s proposed “another two-parameter Sujatha distribution (ATPSD)”,
Tesfay and Shanker (2019). Some characteristics of the ZIGPS distribution and its
application are shown as well.

The rest of this paper is organized as follows: in section 2 the new zero inflated
model is presented and some characteristics of the model are derived in section 3.
The Maximum likelihood estimation (MLE) method to estimate the parameters of
the model are discussed in section 4. Simulation studies are presented in section 5
while section 6 contains the application of the model to two real data sets. The
conclusion is presented in section 7.

2. THE ZERO INFLATED GENERALIZED POISSON-SUJATHA DI-
STRIBUTION

The zero inflated Poisson distribution having probability mass function (pmf) as
follows:

(2)

where 0 ≤ ω  ≤ 1 and  λ  > 0.
Suppose the parameter λ   in ZIP distribution is a random variable and it

follows the ATPSD, such that λ ~ ATPS (α, β) that with the probability density
function (pdf):

(3)

where β is a scale parameter and α  a shape parameter (Tesfay and Shanker, 2019).
Obviously, for α = 0 and α = 1 the ATPSD reduces to exponential distribution and
Sujatha distribution respectively.
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Definition 1: Suppose a random variable X is said to be of zero inflated generalized
Poisson-Sujatha distribution (ZIGPSD) if:

for λ > 0, β > 0 and α  ≥ 0. Hence, we denote the pmf of X ~ ZIGPS(α, β, ω) is
given by:

(4)

where, 0 < ω  < 1 is the inflation parameter.

Theorem 1: If   X ~ ZIGPS(α, β, ω)  be a Zero inflated Generalized Poisson-Sujatha
distribution, then the pmf is:

(5)

where β > 0, α  ≥ 0 and 0 ≤ ω  ≤ 1.

Proof of part 1: [if  X = 0]: Suppose X|λ ~ ZIP(λ)  and λ|β, α ~ ATPSD (β, α)
then the pmf of conditional random variable X is given as:
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Proof of part 2 [if  X ≥ 1]: Suppose X|λ ~ZIP(λ) and λ|β, α ~ ATPSD (β, α) then
the pmf of conditional random variable X is given as:

where ω  + (1- ω ) h (X ≥1) is ZIP when x > 0  and (g)λ) is ATPSD. Therefore,

(7)

where  0 < ω  < 1, β  > 0  and α  ≥ 0. Therefore, the full pmf of ZIGPSD is

That is,

(6)
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Note that when ω = 0  equation (5), reduces to new generalized Poisson-Sujatha
(NGPS) distribution developed by Aderoju (2020).
Probability mass plots of ZIGPS distribution for particular values of ω, α  and β  are
given in Figure 1 below.
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Fig. 1: The pmf of ZIGPS distribution with specified parameters
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3. MATHEMATICAL PROPERTIES

The rth factorial  moment E[(X)r] of the zero inflated generalized Poisson-Sujatha
distribution with random variable X, if  is given as:

(8)
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To obtain the corresponding rth factorial moments for the proposed distribu-
tion, the values of r = 1, 2, 3, …  will be substituted into (8). Below are results of
the first four moments of this distribution. When  r = 1, 2, 3,…  and 4:

Hence, the variance  (σ 2) of the distribution is obtained as:

The coefficient of variation is given as

.

The probability generating function (PGF) of the distribution can be
expressed as follows:

(9)

This PGF can also be used to obtain moments. For example, the first momentis
given as η

X
t' ( )=1 , where
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as obtained earlier.

4. MAXIMUM LIKELIHOOD ESTIMATES OF THE PARAMETERS

The likelihood function of the ZIGPSD is:

(10)

The log-likelihood function of the  ZIGPS(α, β, ω) can be expressed as follows:

(11)

The estimates of the parameters in the nonlinear equation (11) can be obtained
by numerical optimization using “optim” or “nlm” functions in the R software (R
Core Team, 2021).

5. SIMULATION STUDY

In this section, a simulation study to examine the goodness-of-fit performance of
the ZIGPS is presented. A maximum likelihood estimation scheme was implemented
within the R environment to carryout model fitting for the ZIGPS model. The
ZIGPS is compared with the Poisson, ZIP and NGPS distributions. The assessment

Hence,
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is done under various settings of sample sizes and proportion of excess zeros. All
simulations were carried out in the R environment.

5.1 SIMULATION SETTING

The simulation settings for the three cases considered are defined as follows.

Case 1: The data are from a Poisson distribution with parameter λ. We
considered cases of λ =  5, 50, at sample sizes of n = 20, 50, 200.

Case 2: The data are from a ZIP distribution with parameters λ = 10  and ω  =   0.1,
0.2, 0.5,  0,8. We considered sample sizes of n = 50, 200.

Case 3: The data are from a ZIGPS distribution with parameters α = 0.03,  β = 0.8
and ω = 0.1, 0.2, 0.5, 0.8. We considered sample sizes of n = 50, 200.

5.2 SIMULATION RESULTS

The performance of the methods were evaluated over 100 replications of each
case discussed above. The evaluation criteria are: Loglikelihood (Loglik),
Akaike information criterion (AIC) and the Bayesian information criterion
(BIC). The AIC and BIC are defined as AIC = -2L + 2p  and BIC = -2L + p (log
n), where L is the loglikelihood, p is the number of parameters to be estimated
for the model and n is the number of observations. Tables 1-3 summarizes the
means of Loglik, AIC and BIC over 100 replications. It should be noted that
higher Loglik and lower AIC and BIC indicate better fit (Hastie, et al., 2001;
Adeniyi et al, 2018).

Table 1 presents the results for case 1 where the data are Poisson distributed.
The results indicate that at λ = 5, the performance of Poisson and ZIP are similar
across all the sample sizes considered. The performance of the ZIGPS is the least
as expected since the data do not contain excess zeros.

The results for case 2, where the data follow the ZIP distribution, are presented
in Table 2. Under this setting, the ZIP produced the best performance followed by
the ZIGPS across the various levels of excess zeros and sample sizes. The least
performance, as expected, was produced by the Poisson distribution as the data
were zero-inflated.

Table 3 presents the results for case 3, where the generated data are from the
ZIGPS distribution.

,
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Tab. 1: Means of for Loglik, AIC and BIC over 100 replications for Poisson distributed
data (CASE 1).
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Tab. 2: Means of for Loglik, AIC and BIC over 100 replications for Zero-inflated Poisson
(ZIP) distributed data (CASE 2).
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6. APPLICATIONS TO REAL LIFE DATASETS

To examine the goodness-of-fit of the ZIGPSD in modelling zero inflated as well
as overdispersed count data sets, we use two real data sets. The first data referred
to the counts of cysts from 111 steroid-treated kidneys (McElduff, et al., 2010;
Kumar & Ramachandran, 2019) while the second data were the number of

Tab. 3: Means of for Loglik, AIC and BIC over 100 replications for Zero Inflated
generalized Poisson-Sujatha distribution (ZIGPSD) distributed data (CASE 3).
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Mammalian Cytogenetic dosimetry Lesions in Rabbit Lymphoblast induced by
lymphoblast streptonigrin (NSC-45383), exposure- 60 µg/kg provided by Shanker
and Fesshaye (2016). The model evaluation in this section was based on the chi-
squared  (χ2) goodness of fit test to compare between observed (Oi) and expected
(Ei) values of data as well as the AIC and BIC:

where  p is the number of parameters and is the number of classes after the data have
been grouped into a frequency distribution.

The observed mean and variance are 1.486 and 7.07027 respectively, which
indicate presence of overdispersion. Moreover, the expected zero counts in the data
are 25, that is, 111 × e–1.486 = 25.104 while there are 65 zeros in the data, which
indicate presence of excess zero. With these evidences, it is clear that the Poisson
model is not appropriate for this data set.

Going by the rule proposed by Lawal (1980), that expected value can be as

small as  
r

d 3 2
 (where r is the number of expected values less than 3 and d is the degree

of freedom under such model) without violating the X2 assumption. Hence, the
minimum expected values required from the ZIGPSD for this dataset 1 will be

7

9
0 2592

3 2
= . ; only 7 expected values are less than 3 and the degrees of freedom df

= 9 Hence, since there is no expected value less than 0.259, there is  no need to
collapse cells. However, the minimum expected values from Poisson, ZIP and
NGPS distributions are 0.2192, 0.1897 and 0.2214 respectively. Therefore, cells
less than the values were collapsed as shown in Table 1 and the degree of freedom
adjusted appropriately.

Based on the computed values of  X2 statistic given in Table 4, it is obvious
that the ZIGPSD fits the data well (p-value = 0.7675) while ZIP (pvalue < 0.0001)
and NGPS (pvalue < 0.0001) distributions failed to fit the data at 5% significant
level. It is worthy of note that Kumar & Ramachandran (2019) fitted zero inflated
Hermite (ZIH), zero inflated generalized Poisson (ZIGP), Negative Binomial (NB)
and zero inflated Negative Binomial (ZINB) distributions among others to this
same data set. Their results showed that even ZINB distribution failed woefully at
fitting the data, only ZIH distribution slightly fit at 5% level of significance (having
pvalue = 0.0914).
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Tab. 4: Observed and expected frequencies from fitted models to the two data set on counts
of cysts from 111 steroid-treated kidneys

Tab. 5: Observed and expected frequencies from fitted models to the data set on number of
Mammalian Cytogenetic dosimetry Lesions in Rabbit Lymphoblast induced by

streponigrin (NSC-45383),  exposure - 60 µµµµµg/kg.
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The observed mean and variance are 0.4742 and 0.7397 respectively, which
indicate presence of overdispersion. Moreover, the expected zero counts in the data
are 374, that is, 601 ×  e–0.4742 = 374 while there are 413 zeros in the data, which
indicate excess zeros. With these evidences, it is clear that Poisson model is not
appropriate for this second data set.

Similarly, based on the values of X2 statistic in Table 5, the results shown that
ZIGPSD (with pvalue = 0.3172) and NGPSD (pvalue = 0.2598) fits the data well
while Poisson (pvalue < 0.0001) and ZIP (pvalue = 0.0005) distributions failed to
fit the data at 5% level of significance.

Moreover, the minimum expected values required from the ZIGPSD for this

dataset will be 2

3
0 3849

3 2/
. ;=  only two expected values are less than 3 and the

df = (7-3-1) = 3. So, there is  no need to collapse cells except for Poisson model -
where we collapse cells X = 4, 5 and 6.

7. CONCLUSION

In this paper we proposed the zero inflated Generalized Poisson-Sujatha (ZIGPS)
distribution and derived some of its mathematical characteristics. Maximum
Likelihood Estimates of the parameters through direct maximization of the log-
likelihood function is proposed and implemented numerically using the R software.
A simulation study was used to examine the goodness-of-fit performance of the
ZIGPS distribution. Results from simulation study revealed that the ZIGPS -
distribution is a good alternative for modelling count data with excess zeros.   ) =
Application of the model was made to two real data sets. It has also been shown that
the proposed model fits the two data sets well at 5% significant level. Note that the
model performs extremely well in the two data sets, which makes it a model to
reckon with in modeling zero inflated count data that is highly overdispersed. R
codes used in this work are available on request from the authors.
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