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Abstract. Mixture models have significantly been used in survival analysis. This study
considers Bayesian analysis of the two-component mixture distribution of generalized
inverted exponential distributions. Also its reliability characteristics and important
distributional properties are presented. We have considered this particular distribution
because it is skewed and is considered appropriate in engineering processes, when an
engineer suspectsa high failureratein the beginning, but after continuousinspection, the
failures go down. The Bayesian estimation of unknown parameters of the mixture of
generalized inverted exponential distributions under type-I censoring, assuming two priorsis
investigated using different loss functions.It is seen that the closed-form expressions for the
Bayes estimator s cannot be obtained for scale parameter. The efficiencies of the proposed set
of estimates of the mixture model parameters are studied through simulation. Posterior risks
areevaluated and compar ed to explorethe effect of prior beliefsand loss functions.Smulated
results and an example based on a real-life data are also given to interpret the study.

Keywords: Reliability function, Hazard rate function, Loss functions, Bayes estimators,
Posterior risk.

1. INTRODUCTION

Mixture models express complex situations than the simpler ones and have been
used in almost every fields of statistical sciences to model diverse populations.
Mixtures models have been well practiced in many fields such as engineering,
economics, marketing, astronomy, psychiatry, medicine, biology etc. Mixture
distributions apply when a statistical population contains two or more sub populations.
So, mixture densities can be used to model a statistical population with
subpopulations. Mixture components are the densities of the subpopulations and
weights present the proportion of each subpopulation in the complete population.
Sindhu et al. (2014) studied Bayesian analysis of the shape parameter of the mixture
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of Burr type X distribution using the censored data.Gosh and Ebrahimi (2001) have
studied the Bayesian analysis of the mixing function in a mixture of two exponential
distributions. Saleem and Aslam (2009) presented a comparison study of the
maximum likelihood estimates with the Bayes estimates assuming the uniform and
the Jeffreys priors for the parameters of the Rayleigh mixture. Sindhu et al. (2014)
considered the Bayesian inference for a mixture of Burr type Il distribution under
type-l censoring. Saleem et al. (2010) considered the Bayesian analysis of the
mixture of Power function distribution using the complete and the censored sample.
Sultan et al. (2007) investigated the properties of the two component mixture of
inverse Weibull distribution under classical approach. With highly realiable com-
ponents, itis unusual if all the components have failed by the end of the time alloted
for the test. When all subjects are scheduled to begin the study at the same time and
end the study at the same time type | censoring occurs. Type | censoring is usually
used in survival studies and in some engineering studies.

The exponential distribution is the most widely used lifetime model in
reliability theory, because of its simplicity and mathematical feasibility. Gupta et al.
(1999) considered a three-parameter distribution when the location parameter is not
present. Alshingiti (2009) have proposed two parameters generalization
invertedexponential distribution.Singh et al. (2013) have proposed the use of IED
in survival analysis.Abouammoh and Alshingiti (2009) have discussed many
properties and reliability characteristics of generalization invertedexponential
distribution. Assuming it is a good lifetime model, they also discussed the
maximum likelihood and least square methods for the estimation of the unknown
parameters of a generalized inverted exponential distribution. Krishna and Kumar
(2012) have studied the reliability estimation based on progressive type-Il censored
sample under classical setup. They proposed maximum likelihood estimation and
least square estimation procedures. Dey and Pradhan (2014) derived maximum
likelihood estimators of the unknown parameters and the expected Fisher's
information matrix of the generalized inverted exponential distribution and obtained
Bayes estimation under the squared error loss function. These Bayes estimates were
evaluated by applying Lindley’s approximation method, the importance sampling
procedure and Metropolis—Hastings algorithm. Oguntunde and Adejumo (2015)
proposed a two parameter Inverted Generalized Exponential (IGE) and a three
parameter Generalized Inverted Generalized Exponential (GIGE) probability models
as generalizations of the one-parameter. They explored the statistical properties of
the GIGE distribution and its parameters were estimated for both censored and
uncensored cases using the method of maximum likelihood estimation (MLE).
Dube et al. (2016) derived maximum likelihood estimators of unknown parameters
and reliability characteristics of generalized inverted exponential distribution using
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progressive first-failure censored samples.

The aim of present study is to investigate the prominent features of the mixture
of generalized inverted exponential distributions. This mixture has not been
considered earlier in the literature through Bayesian structure to the best of our
knowledge. The rest of the paper is organized as follows. In Section 2, we define
the mixture model, its properties and likelihood function of mixture of generalized
inverted exponential distributions. Inferential procedures with Bayesian estimation
are considered for the set of parameters in Section 3, which include the posterior
distribution, Bayes estimators and posterior risks under different loss functions. In
Section 4, simulation study and comparison of the estimates are given.A real life
mixture of generalized inverted exponential distributions is considered in Section
5. Conclusions are reported in Section 6.

2. MIXTURE MODEL AND ITSPROPERTIES

A finite mixture distribution withm-component densities of specified parametric
form and unknown mixing weight, is given by:

:m f(z), O | < N |:1.
;p. (2. 0<p <L ;p

The presently generalized inverted exponential distribution is supposed for
components of the mixture:

i-1
f(x 2.0 :a;—i“exp%%%—exp%%% ;0,4 >0, x>0andi =1 2..,m,(1)

whereA anda are scale and shape parameters, respectively. Thus, the said mixture
model is ofthe form:

0 Dod O A.%*D . m
f(x0)=% p "ex%—' —ex%—' 11=12..,m =1
();pHx_sz%px =12 le

The distribution function of the correspondingmixture distribution is:
F(x; ©)= plF(x; Oy)+ PFAX 0y PuFn(X: ©4)

p[qt gleXpEr %DI—IZ mZp 1

Where@ :{(pp p2|"') pm) (AllA VARERS] )1(a ]_ﬂ z---ﬁ m} ) a~nde| :0 ia i)li :1121'"1m'
Graphical representations of different selected parametric values for the
mixture model are shown in Fig. 1.
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Fig. 1. Density function components and their mixtures (pl,/\l,}\z,al,a 2)(i) (0.4,2,11, 3,10),

(i) (0.3, 3, 8,13, 16), (iii) (0.3,0.5, 5, 2, 10), (iv) (0.3,3,1,4,2), (v) (04,5, 3,6,9)
and (vi) (04, 4,21, 2).
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(& Réliability function
The reliability function or survival function of two components mixture of a
generalized inverted exponential distribution is given by:

S {1 A s
-p3-eoft 1] +pi-enfH
(b) Failureratefunction

The failure rate function (hazard rate function) of the two components mixture
of generalized inverted exponential distribution is given by:

e Rl AL R L e @’“”
O S ot

which can be written considering the result of Al-Hussaini and Sultan (2001) as the
derivative of hazard rate function is givenrgg=h(t)r,(t)+{1- h(t)}r,(t). The
derivative of hazard rate function is given as

r'(t) = (e (8)+{2- hith v, () - ({2~ hieh {rit) - ft} "

1 f(t .
wereh(t) =—————, 1(t) -0 andi =1,2 The failure rate function of two com-
PR(t)
ponents mixture of a generalized inverted exponential distribution satisfies the
t
following limits: tIimh(t) =P - P, lim pZRZ( ) =P, -1. and It follows

Pt P2 " e leliti P,

that h( )< . It can be shown tha}imr =0fori=12

The failure rate function of two components mixture of a generalized inverted
exponential distribution increases initially, then decreases and eventually approaches
to zero. This means that items with generalized inverted exponential distribution
have a higher chance of failing as they survive for some period of time, but after
survival to a specific age, the probability of failure decreases as time increases. The
hazard rate function components and their mixtures are shown in Figure 2.
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Fig. 2 Hazard rate function components and their mixtures (pl,}ll,)\z,al,a 2) (i) (0.3,3,1,4,2

), (ii) (0.4, 5,3, 6,9), (iii) (0.4, 4, 2,1, 2), (iv) (0.4, 2, 11, 3, 10), (V) (0.3, 3, 8, 13, 16
and (vi) (0.3, 0.5, 5, 2, 10).

(c) Analysisof failureratecurves: We assume th&t = mi n(ti t2) andt, = max(t’;,t*z)
where ti*(i :12) be the mode of the density function. It is analyzed that both
densities in the numerator of(t) enhance on (Q), while the denominator
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decreases on the same interval. He(yés an increasing function on the interval
(0,t)). Likewise,r(t) -0, whent approaches 0. Two cases exist within the interval
(t,, ) named asi) Unimodal andi{) Bimodal.

(i) Unimodal case: Suppose that the maximum point of the failure rate mixturet is
t". The difference between(t) andr,(t) on the intervalt(, t*) is sufficiently small

that the first two terms af (t) influence the third term and hencé)>0 on the
aforementioned interval. Overall the failure rate of the mixture model is an
increasing function oD, t') and a decreasing function dh, o) and approaches
zero whert - 0 Figs. Zi-iii).

(ii) Bimodal case: The smaller and larger maximum points of the failure rate
mixture are denoted Y, andt™ respectively. The failure rate mixture model is an
increasing function on the intervgf, t') and ¢, t™), while it decreases on the

intervals (", t™ ) and €, »), tends to zero as— o, Figs. Jiii-vi).

(d) Median and Mode: The median and mode of the two components mixture of
generalized inverted exponential distributionare developed by solving the nonlinear
equation with respect to

i Al%m e A%ZD
~H-eprr 1 [+ pypi-Cl-epl-2 (= 05
e i greg-BeR T

2 {1—exp(—t‘l/\.)}°' BAd, Cbt? - 6ihar, +A % 2 +exp(272 f{ @7 - @ 04 7 D:o
& ' (xz{—1+exp(t_1Ai})3 explt 4, {1267 + &(1+a h, +(1- @ )A3 '

Tab. 1: Mean median and mode for the two-component mixture of a generalized inverted
exponential distribution.

@pAs A0, ay,)  Mean  Median Mode (p,A, A, Qp,Q,)  Mean Median Mode
0.2,3,1,4,2 1.51679 0.96429 0.73278 0.2,2,11,3,10 3.91200 3.64310 0.817301, 3.33153
04,3,1,4,2 1.64729 1.14314 0.83342 0.4,2,11,3,10 3.36552 3.05082 0.81462, 3.14220
06,3,1,4,2 1.77779 1.32297 0.85582 0.6,2,11, 3,10 2.81905 2.20966 0.813773, 2.00589
0.2,5,3,6,9 1.54266 1.27953 0.98166 0.2,0.5,5,2,10 1.75989 1.65276 1.53242, 2.39757
04,5,3,6,9 1.81044 1.46550 1.02989 0.4,0.5,5,2,10 1.49321 1.36582 1.48871, 2.94723
0.6,5,3,6,9 2.07823 1.71812 1.14851 0.6,0.5,5,2,10 1.22652 0.87747 1.37289, 3.49239

The parametrivalues(p,, A, A,, a,, a,) in Table 1 are chosen to show the
unimodal and bimodal cases for the mixture density function for some parameter
values. The increasing order of mean, median and mode are observe in the unimodal
case when the mixing proportion parameigmcreases. On the contrary, for
bimodal case when mixing proportion parameténcreases, inverse behavior has
been noted for mean, median and mode.
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Suppose theunits from the above cited mixture model are used in life testing
experiment with a fixed test termination timieAfter the test has been performed,
it is observed that out @funits,r units have failed till the test termination tifhe
while n-r units are still working. Following the sampling scheme proposed by
Mendenhall and Hader (1958), in many real life situations only the failed items
can be identified as the members of the first and the second subpopulation
respectively. Here it is clear that rl +r2 and the remaining n-r units that are
still functioning provide no information about the ptgtion to which they
belong. Lekij be defined as the failure time of the jth unit from ith subpopulation,
wherej=1, 2.. i=1, 2,O<xlj,x2jsT

L©]x)O %r_il plfl(xu)%ﬁl p2f2(X2j)§l_ F(T}™

O k(g g ooy SOLE B e O 008
(o) eer: lzl Bg%expér(al )JZ:l ncl P %Al( )
xp," T (02/\ )rz EXp%'A z pD’ Zlnljl- exp 3 T 2(¢2)_
Bar®: Tl
(2)
The likelihood function has the following form:

Assuming the shape parameter to be known, the likelihood function (2)
reduces to

. B, eO0104 H e 0 A, OFH
A |:| r1+k 1 /\1 1_1 | — 1 1CD1
(1903 0 ow g g plerties ) nt-engr o)
L , B, <0108 H 2 O
x "7 (2,) expTA, prr(a, -1) Infl-exp—= AP,
(22) o JZ ZJE“XS( )JZ -eeg (@)
_ _.g A 3)
hered = (A7, py), A,(®,) = exprm kInfL —expH- 22

whereA = ( py), Ay(Py) expEa n@ exp@zl_%

By(®2)= e"pgﬂz(n -n -k)lr@— epr%%
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3. BAYESIAN ESTIMATION OF PARAMETERS

In this section, we discuss prior distributions for unknown parameters, loss
functions and Bayes estimators and their posterior risks.

3.1BAYESIAN ESTIMATION USING INFORMATIVE PRIOR

The Bayesian analysis requires the choice of suitable priors for the unknown
parameters in addition to the experimental data. The main objective in this bond
is the relationship between the prior distribution and the loss function. The mixture
model under consideration has two scale parameters and one mixing proportion
parameter. We consider both the informative and noninformative priors. First, we
assume that scale parameter A, i = 1, 2, has independent gamma priors with the
shape and scale parameters as a;, and b, respectively, g( A | a, b,) A l.(“"* D, exp
(—b,A,) and uniform prior for By combining the joint prior with likelihood function
given in (3) we obtain the following joint posterior distribution of A, p, as:

gH ) rl+k - rl—kl—J/\{r +(a, 1} exp (A +0)+ (o, —1)pi)){A1(CD1)}{A2(¢Z}

9o lx)= e

;H %rﬁkﬂ,n - k+1J'J'|_J/\ i+(a 1) gy (/\ +q) ( J),Ui)){Al(dbl)}{Az(sz)}d/\i
whereA, = ZBX—BL,UI Zln[], epo— % eXpEﬂlkm exp@— %
X
— O —r — - & i=
AZ(GJZ)-exp%az(n r k)Ingi exp%_l_%l 1,2

The marginal distribution of A, is simply the probability distribution of A, that
neglects other nuisance information about A, and p, which is obtained by
integrating the joint probability distribution with respect to other parameters as:

"Z)én;r%(rﬁk+1,n—rl—k +1)A1{r1+(a,—1)} @(p( ( (A +b)+(a, - ])’Ul)){A](q;])}
x}/\z{rmaﬂ)} exp(—(/\z(/\z +by)+(ar, —1)(/12)){A2(¢>2)} dA,

;H ‘ % (n+k+Ln-r -k +1)j§i!j,\l{r.+<a -1} eXD(-(/\i(/\. +h)+(o, —J)pi)){Al(qal)}{Az(mz)} dA, ’

Similarly, the marginal posterior distribution &f andp,are derived as:

oM 1x) =

ién;%(“l +horLn—n -k AL (-, (, ) + (o, - a0 )
e ol ) oo faod o

”z;én;r%(rﬁkﬂ,n r, -k +1}} PRI exp( ( (A +B)+ (o _])"U')){A1(CD1}{A2(¢2} o ,

070 1=

g(/\z |X) =
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3.2 BAYESIAN ESTIMATION OF THE MIXTURE MODEL ASSUMING THE
NONINFORMATIVE PRIORS

The noninformative priors are a significant part of a Bayesian tool kit. The
noninformative priors have a limited effect on the ultimate inference comparative
to the data. Bernardo (1979) contended that a noninformative prior should be
considered as a reference prior, i.e., a prior that is favourable for use as a standard
when scrutinize statistical data. The most common example of noninformative
prior is uniform prior that is employed when no conventional prior information is
available.

3.21 POSTERIOR DISTRIBUTION USING UNIFORM PRIOR

The uniform prior for the unknown parametecan be written a&:Uniform (0, o),

I = 1,2. We suppose a priori that,(p,) are independent and also assume that
p,~Uniform(0,1). Thus the joint prior distribution ofA(p,) is p(A;,p,) O k. We
obtain the joint posterior distribution merging the likelihood function given in (3)
with uniform prior information as:

S Beter [ ool 00 o - oo oo )
> %wﬂn : k+1ﬁ eof-{1(n) -3 oo} oo o

glalx)=

Marginal distributions ofA, andp,can be obtained by hazardous nuisance
parameters. For space restriction, we do not present the expression for the marginal
distributions under noninformative priors.

3.3BAYESIAN ESTIMATORSUNDER DIFFERENT LOSS FUNCTIONS

In order to take an optimum decision, a suitable loss function must be specified. The
choice of a loss function is a difficult job: its selection is often based on the reasons
of mathematical convenience without any particular reason of ongoing interest
excluding cost effect. As in risk analysis, the potentiality of undesired events and
its consequences are explored. This potentiality is usually measured through failure
rate. In disastrous outcomes, it can be difficult to underestimate the potentiality of
an event rather than to overestimate it. This is significant when the risk level is the
basis of a risk reducing initiative, either by reducing the potentiality or the
consequences of the event. It is unreasonable to use a loss function that allows the
estimation of a failure probability of zero. A positive loss at the origin allows the
estimation of zero and in risk analysis estimating a zero failure probability simply
means that no risk is expected (for further details see Norstrom (1996)). Five loss
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functions are used to obtain the Bayes estimators along with posterior risks, i.e.,the
squared error (SE) loss function, weighted squared error (WSE) loss function,the
precautionary (P) loss function and quadratic (Q) loss function, modified squared

error (MSE) loss function. The aat commonly used loss function is (SE) loss

function defined by, = (éSE - ev)z,where@SE is a decision rule to estimate parameter
6. The Bayes estimator under SE loss functiofijs= E(6|x) and posterior risk
under SEdss function |sp( ) (92 |x) { (9| x)} 2. The weighted squared
error (WSE) loss function which is of concernlis = 6‘1(9—%)2, the Bayes
estimator under WSE loss function@l@i = { E(H‘1 |x)} N and posterior risk under
WSE loss function isp(éWSE) =E(0]x) —{E(éf1 |x} ™ Norstrom (1996) has
introduced a precautionary loss funciéord is defined ak; = (9 - ép)z ép‘l, where

6, is a decision rule to estimate paramefielThe Bayes estimator under P loss

~

function is 6, JE(92|x) and posterior risk under P loss function is

( ) {1/ ( ) BIX)} The quadratic los&inction which is defined as

L,= (1— 6‘16Q) the Bayes estimator and posterior askler Q loss function are
={E(62 15} “e(61x), o(8g)=1-{E(671x} _1{ E(6|x) ’

The modified squared error (MSE) loss function was introduced by Degroot

(1970), which is of concern is Lg = 0_2(0— éM$)2. The Bayes estimator under

MSE loss function is éMSE ={E(9|X} _1{ E(92 |X} " and posterior risk under

MSE loss function is p(éMSE) =1 _{ E(B | X)} _1{ E(9 |X)} 2, where E denotes the

expectation with respect to the posterior distribution of 8. Thus the posterior

expectation of any function of parameter, say U(Al,A 2 pl) can be written as:

/\l!AZ!pl /\11}\ v P1lx )dplm d,

A L
U(A11A2’pl) { A /\2p1)|()} J'J'J’ )\ AP x )dpldAldAz

However, it is not possible to evaluate estimates of set of parameters
analytically. The estimates are notin a closed form and therefore must be evaluated
numerically.

(4)
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4. SSIMULATION AND COMPARISON OF THE ESTIMATORS

Inthis section, a Monte-Carlo simulation study is conducted to analyze the behavior
of the proposed estimators for different sample sizes, different priors, different

parametric vaIueéAl, AZ) D(L 3),(4, Z),T =30, p,U Q3 Samples of siza= 30,

60 and 90 were generated from the two components mixture of generalized inverted
exponential distribution. A well-known procedure in simulation for computer
generation of random variables is the inverse transform method. This method
provides the most straight forward procedure to generate samples of a given
distribution when its quantile function exists in closed form. Probabilistic mixing

is used to generate the mixture data. To generate the mixture model, a random
number U’ is generated from the uniform distribution on (0, 1)uk p, the
observation is taken randomly frofy (the generalized inverted exponential
distribution with paramete,) and ifu> p,the observation is taken randomly from
F,(the generalized inverted exponential distribution with parametérhe values

of hyperparameters b, a, b,) have been selected in such a manner that the prior
mean becomes the expected value of the corresponding parameter.The
hyperparameters considered in the simulation study are (3, 3, 6, 2) and (8, 2, 6, 3).
All observations that exceddaire treated as censored. For each of the combinations

of parameters, sample sizes, we generated 1000 samples using Mathematica. For
each of 1000 samples, the average of these estimates and corresponding posterior
risks are reported in Tables 2 to 6.

Tab. 2: Bayes estimates and their posterior risksin parentheses under SE loss function for
a,=a,=05

A=(4.4.p) Uniform prior Gamma prior

A ~ A~ A~

(1,3,03) | n | A A, P A A, Py

30 | 141443 | 325745 | 033289 | 1.19979 | 2.89802 | 0.32238
(0.36065) | (0.61236) | (0.22065) | (0.17501) | (0.54072) | (0.00833)
60 | 122456 | 312807 | 031065 | 1.18172 | 293128 | 032171
(0.16124) | (0.38122) | (0.21319) | (0.12254) | (0.32102) | (0.00454)
90 | 1.10321 | 3.12413 | 030388 | 1.03935 | 3.06832 | 031354
(0.13380) | (0.28908) | (0.21091) | (0.06873) | (0.26240) | (0.00293)
(4,2,0.3) | 30| 345942 | 23256 | 032558 | 366342 | 219192 | 029943

(0.96688) | (0.43184) | (0.21705) | (0.63912) | (0.29419) | (0.00888)
60 | 376376 | 2.02452 | 032277 | 3.73881 | 1.96942 | 0.31083
(0.64305) | (0.19458) | (0.21682) | (0.51512) | (0.15062) | (0.00502)
90 | 3.82385 | 2.01386 | 029204 | 3.89622 | 1.97576 | 0.30057
(0.57066) | (0.17440) | (0.20557) | (0.44599) | (0.10626) | (0.00338)
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Tab. 3: Bayes estimates and their posterior risksin parentheses under WSE loss function
for a;,=a,=05

A=(4.%4.p) Uniform prior Gamma prior
ST T A [ A | A A A

30 | 127804 | 295408 | 032255 | 090422 | 292654 | 0.29272
(0.23421) | (0.21022) | (0.02852) | (0.12184) | (0.17127) | (0.02816)
60 | 118654 | 296841 | 031169 | 099252 | 3.16251 | 0.29292
(0.12259) | (0.12294) | (0.01425) | (0.08906) | (0.11014) | (0.01467)
90 | 111736 | 3.03446 | 0.29601 | 0.99862 | 3.10927 | 0.30449
(0.08421) | (0.09202) | (0.01209) | (0.06392) | (0.08017) | (0.00975)
(4,2,03) 30 | 315788 | 239382 | 027225 | 333275 | 1.53806 | 0.26159
(0.37712) | (0.20534) | (0.03306) | (0.20673) | (0.13504) | (0.03158)
60 | 327379 | 211814 | 028028 | 3.53594 | 1.98731 | 0.28327
(0.25784) | (0.100261) | (0.01724) | (0.15596) | (0.07414) | (0.01722)
00 | 348172 | 197915 | 028923 | 3.71968 | 2.02962 | 0.29855
(0.19301) | (0.06239) | (0.01199) | (0.12858) | (0.05543) | (0.01151)

Tab. 4: Bayes estimates and their posterior risksin parentheses under P loss function for

a,=a,=05
A= (/7'1 4 /12 > P ) Uniform prior Gamma prior
(1’ 3, 03) A A ~ A A A
n A A, P A A, P

30 | 144482 | 3.46408 | 033586 | 1.19865 | 3.09169 | 0.32046
(0.20249) | (0.18329) | (0.02587) | (0.14559) | (0.18119) | (0.02543)
60 | 130518 | 325899 | 0.32547 | 1.19724 | 3.06531 | 031813
(0.11689) | (0.11812) | (0.01394) | (0.09291) | (0.11409) | (0.01380)
00 | 122920 | 3.22525 | 0.31568 | 1.12369 | 3.02841 | 0.31159
(0.07862) | (0.08860) | (0.00939) | (0.07364) | (0.08014) | (0.00926)
(,2,0.3) 30 | 3.62231 | 245215 | 032801 | 3.67975 | 222254 | 0.32645
(0.26817) | (0.17910) | (0.02894) | (0.17843) | (0.12847) | (0.02853)
60 | 3.85142 | 236166 | 031468 | 3.73249 | 2.10748 | 0.30922
(0.18575) | (0.09946) | (0.01637) | (0.13603) | (0.07212) | (0.01623)
00 | 401127 | 214132 | 030302 | 402511 | 2.10239 | 0.30865
(0.13375) | (0.06191) | (0.01113) | (0.10626) | (0.05874) | (0.01110)

The analysis of Tables 2 to 6, leads to the following conclusions: The foremost
point that requires attention is that the estimated risks of estimatorsdecrease as
sample size increases. Bayesian estimates become very close to the true values of
the parameters as we increase the sample size. With a large parametric value, the
corresponding posterior risk is a high. Bayes estimators performed well under the
mean squared error loss function than the rest loss functions. Bayes estimates are
found to be underestimated under Q loss function based on both priors. Bayes
estimators are efficient under MSE loss function; In fact, the use of mean squared
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error loss function unveiled the smallest posterior risk, which is really an advantageous
property. Furthermore, we obtain efficient results using the gamma prior than the
uniform prior. Posterior risks for the Bayes estimates assuming uniform prior is also
little high. Hence, gamma prior has a clear edge over uniform prior, and this allows

us making a selection of preferable priors and loss functions.

Tab. 5: Bayesestimates and their posterior risksin parenthesesunder Q loss function for

a,=a,=05
A= (21 Ao ) Uniform prior Gamma prior
1,3,03 2 7 ~ 2 7 ~

( ) n Al /]2 b Al /12 b
30 1.42198 2.71533 0.28587 0.88985 2.57169 0.27185
(0.15933) | (0.08324) | (0.10372) | (0.12451) | (0.06229) | (0.10158)
60 1.19756 3.04609 0.29019 0.89313 2.80753 0.28432
(0.09666) | (0.04324) | (0.05033) | (0.08541) | (0.03678) | (0.05082)
90 0.96084 3.04502 0.29881 0.92031 3.09514 0.29752
(0.07182) | (0.02867) | (0.03387) | (0.06915) | (0.02599) | (0.03622)
4,2,0.3) 30 2.63941 1.85095 0.23829 3.32534 1.98038 0.25039
(0.16928) | (0.09359) | (0.13876) | (0.06399) | (0.06659) | (0.13328)
60 3.05887 2.01323 0.25889 3.43282 1.98509 0.26126
(0.09285) | (0.04771) | (0.06833) | (0.05256) | (0.03841) | (0.06552)
90 3.40641 2.05516 0.28698 3.56395 1.98966 0.29817
(0.05712) | (0.03229) | (0.04011) | (0.03967) | (0.02798) | (0.04249)

Tab. 6: Bayes estimates and their posterior risksin parentheses under M SE loss function

for a,=a,=05

A= (21 ’ /12 Py ) Uniform prior Gamma prior
(1,3,03) 1 n| A A, D A A, D
30 1.56316 3.17613 0.34433 1.39264 3.13597 0.34879
(0.13983) | (0.06539) | (0.07919) | (0.11074) | (0.05137) | (0.07387)
60 1.20835 3.13318 0.31817 1.29967 3.12355 0.32437
(0.08519) | (0.03873) | (0.04427) | (0.07846) | (0.03311) | (0.04465)
90 1.13228 3.12494 0.31605 1.06324 3.11485 0.31339
(0.06587) | (0.02648) | (0.03102) | (0.05819) | (0.02459) | (0.03011)
(4’ 2’ 0.3) 30 3.81075 2.72958 0.33941 3.75514 2.28751 0.33764
(0.07662) | (0.07206) | (0.09331) | (0.04864) | (0.05724) | (0.09217)
60 3.87797 2.31112 0.32772 3.94932 2.18939 0.32983
(0.05508) | (0.04341) | (0.04859) | (0.03452) | (0.03619) | (0.04722)
90 3.87857 2.24802 0.31217 4.00175 2.03815 0.31931
(0.04647) | (0.02984) | (0.03695) | (0.02892) | (0.02642) | (0.03704)
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5. APPLICATION

In this section, we analyze real data set to illustrate the methodologies discussed in
the previous sections. The data set represents the lifetimes of 50 devices. The data,
obtained from Aarset (1987), are given below:

1,7, 18,40, 45, 50, 55, 86, 85, 85, 85, 84, 84, 84,79, 75, 72,67, 67,63, 60, 18, 11, 6,
3,2,1,1,02,0.1, 1, 18, 86, 85, 85, 83, 82, 82, 67, 67, 63,47, 46, 36,32,21,18,12,7, 1.

Among the 50 observations, the two observations, i.e., 0.2, 0.1 considered as
outliers, are discarded. The generalized inverted exponential distribution is considered
as a suitable candidate for modeling complex lifetime data sets, so we can employ
this data to the generalized inverted exponential mixture model. Now we assume
that when a failure occurs, we can identify the object as per its cause of failure and
regard it as belonging to population | or population Il, respectively. We have taken
n,= 20, n,= 28, r,= 16 and,= 24. The following information is extracted for our

I
mixture modelby taking censoring tiie: 84, =481 = 40 Z lel = 378676
=1

P 4
and Z ) =3.36858 Bayes estimates are obtained by assumingboth priors

=1
usingJ the informative and non-informative priors under five loss functions. Bayes
estimates and posterior risks for real data set are listed in Table 7. Itis clear that the
best estimates are those with the minimum posterior risks and optimal estimates
obtained under MSE loss function.

Tab. 7: Bayes estimates and their posterior risksin parenthesesfor real dataset.

Uniform prior Gamma prior
Loss functions ~ - N ~ - N
/]1 /]2 b /11 /]2 4

SE 3.02441 4.27720 0.38083 3.23084 3.51715 0.38508
(0.72961) | (0.37123) | (0.00523) | (0.52619) | (0.48457) | (0.00521)

WSE 2.76135 4.17425 | 0.366485 | 3.06016 3.37101 0.37075
(0.26305) | (0.10295) | (0.01435) | (0.17068) | (0.14614) | (0.01432)

P 3.14271 4.32038 0.38764 3.31127 3.58538 0.39187
(0.23661) | (0.08636) | (0.01360) | (0.16086) | (0.13645 | (0.01357)

Q 2.47957 4.05193 0.35147 2.88315 3.21765 0.35574
(0.10204) | (0.02930) | (0.04098) | (0.05784) | (0.04549) | (0.04048)

MSE 3.26564 4.36399 0.39456 3.39371 3.65493 0.39877
(0.07387) | (0.01989) | (0.03478) | (0.04799) | (0.03769) | (0.03434)
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It is obvious that results obtained through real data are well-matched with
simulation results, though there are some exceptions when using large data set. The
Table 7 also reveals that performance of the gamma prior is best. Some graphical
representation of loss functions of estimates under different priors for the mixture
components are presented in Figure 3. It is manifest that the priors (gamma and
uniform) influence the magnitude of the loss functions. These graphs illustrate the
versatility of the loss functions under both priors in addition to a noticeable
minimum magnitude of MSE loss function for the estimates of both components of
mixture distribution. Due to minimum magnitude of the posterior risks the estimate
of mixing proportion component SE performs better under both priors.
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Fig. 3: Thelossfunctions of estimates under uniform and gamma priors. (a) for first

component )tl, (b) for second component /\2, (c) for mixing proportion component bl
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6. CONCLUDING REMARKS

In this study, we propose a mixture of two-components generalized inverted
exponential distribution model of lifetime study. We have discussed nice properties
and estimation of parameters of the mixturedistribution using five different loss
functions under informative and noninformative priors. The Bayesian analysis
ensures us to perform a comprehensive selection of the suitable prior and a desirable
loss function for the mixture two-components generalized inverted exponential
distributions. The simulation study has revealed some interesting results related to
Bayes estimates of parameters. The posterior risks of the estimates of the parameters
appeared to be quite large with relatively large values of the parameters and vice
versa. To address the problem of selecting prior and loss function we have observed
that the Bayes estimators of parameters perform well under mean squared loss
function assuming gamma prior. Practitioners can use results developed in this
study to analyze heterogeneous data under Type | censoring. This newly proposed
mixture distribution is worth investigating because it has the flexibility to
accommodate different shapes for different values of parameters that occur in
survival analysis.This work can be extended in future using different censoring
schemes.

ACKNOWLEDGEMENT

The authors are grateful to the referees for helpful comments and suggestions,
which improved the quality of paper.

REFERENCES

Aarset, M. V. (1987). How to identify a bathtub hazard i1&EE Transactionson Reliability. 36 (1):
106-108.

Abouammoh, A. M. and Alshingiti, A. M. (2009). Reliability estimation of generalized inverted
exponential distributionJournal of Statistical Computation and Smulation. 79(11): 1301-
1315.

Abouammoh, A. M., and Alshingiti, A. M. (2009). Reliability estimation of generalized inverted
exponential distributionJournal of Statistical Computation and Smulation. 79(11): 1301-
1315.

Bernardo, J. M. (1979). Reference posterior distributions for Bayesian infeleureel of the Royal
Statistical Society. Series B (Methodological), 113-147.

Degroot, M. H. (1970)Optimal Satistical Decision. McGraw-Hill, New York.

Dey, S. and Pradhan, B. (2014). Generalized inverted exponential distribution under hybrid censoring.
Satistical methodology. 18: 101-114.



Mixture of two Generalized Inverted Exponential Distributions with Censored: ... 391

Dube, M., Krishna, H. and Garg, R. (2016). Generalized inverted exponential distribution under
progressive first-failure censoringpurnal of Statistical Computation and Smulation. 86(6):
1095-1114.

Ghosh, S. K., & Ebrahimi, N. (2001). Bayesian analysis of the mixing function in a mixture of two
exponential distributiongnstitute of Statistics Mimeo Series. 25-31.

Gupta, R. D. and Kundu, D. (1999). Theory & methods: Generalized exponential distributions.
Australian & New Zealand Journal of Statistics. 41 (2): 173-188.

Krishna, H. and Kumar, K. (2013). Reliability estimation in generalized inverted exponential
distribution with progressively type Il censored samjidernal of Satistical Computation
and Smulation. 83(6): 1007-1019.

Mendenhall, W. and Hader, R. J. (1958). Estimation of parameters of mixed exponentially distributed
failure time distributions from censored life test d8i@metrika. 45 (3-4): 504-520.

Norstrom, J.G. (1996). The use of precautionary loss functions in risk anBREESTransactions
on reliability. 45 (3): 400-403.

Oguntunde, P. E. and Adejumo, A. O. (2015). The generalized inverted generalized exponential
distribution with an application to a censored ddturnal of Satistics Applications &
Probability. 4(2): 223-230.

Saleem, M. and Aslam, M. (2009). Bayesian analysis of the two component mixture of the Rayleigh
distribution assuming the uniform and the Jeffreys pridosrnal of Applied Satistical
Science. 16 (4): 493.

Saleem, M., Aslam, M. and Economou, P. (2010). On the Bayesian analysis of the mixture of power
function distribution using the complete and the censored sajopiaal of Applied Satistics.
37 (1): 25-40.

Sindhu, T. N., Aslam, M. and Feroze, N. (2014). Statistical inference for mixed Burr type II
distribution using a Bayesian framewaltkter national Journal of Satistics& Economics? 13
(1): 97-107.

Sindhu, T.N., Feroze, N. and Aslam, M. (2014). Preference of prior for Bayesian analysis of the mixed
Burr type x distribution under type | censored samptekistan Journal of Statistics and
Operation Research. 10 (1) : .

Singh, S. K., Singh, U. and Kumar, D. (2013). Bayes estimators of the reliability function and
parameter of inverted exponential distribution using informative and non-informative priors.
Journal of Satistical Computation and Smulation. 83(12): 2258-2269.

Sultan, K. S., Ismail, M. A. and Al-Moisheer, A. S. (2007). Mixture of two inverse Weibull
distributions: Properties and estimati@omputational Satistics & Data Analysis. 51 (11):
5377-5387.



392 Tabassum, N.S,, Hussaina, Z.




